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Abstract
In this paper we obtain two criteria of stable ergodicity outside the partially hy-
perbolic scenario. In both criteria, we use a weak form of hyperbolicity called chain-
hyperbolicity. It is obtained one criterion for diffeomorphisms with dominated splitting
and one criterion for weakly partially hyperbolic diffeomorphisms. As an application
of one of these criteria, we obtain the C1-density of stable ergodicity inside a certain
class of weakly partially hyperbolic diffeomorphisms.
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1 Introduction
Conservative dynamics appears naturally in several different areas of mathematics and
physics. By a conservative dynamical system we mean a diffeomorphism of a smooth com-
∗D.O. was supported by the ERC project 692925 NUHGD.
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pact connected riemannian manifold M , that preserves a volume form ω. A key property
that a conservative system may have is ergodicity.
Let m be the probability measure induced by ω. We say that the conservative system f
is ergodic if every measurable f -invariant set has either full or zero m-measure. From the
probabilistic point of view, ergodicity means that the system cannot be decomposed into
smaller f -invariant parts. A key characterization of ergodicity is given as a consequence of
the well known Birkhoff’s ergodic theorem. In our setting, this can be stated as follows:
f is ergodic if and only if for every continuous function ϕ : M → R, for m-almost every
point x ∈M , it holds
lim
n→+∞
1
n
n−1∑
j=0
ϕ ◦ f j(x) =
∫
M
ϕdm. (1)
An important problem in the theory of dynamical systems is to know when a con-
servative system is ergodic. Another important question is to know when ergodicity is a
robust property. Let Diffrω(M) be the space of C
r-diffeomorphisms of M that preserves
the volume form ω.
Definition 1.1. A diffeomorphism f ∈ Diff2ω(M) is stably ergodic if there exists a C
1-
neighborhood U of f , such that any diffeomorphism g ∈ U ∩Diff2ω(M) is ergodic.
Hopf introduced an argument to prove that the geodesic flow on compact surfaces of
constant negative curvature is ergodic for the Liouville measure, see [Hop39]. Anosov
[Ano67], Anosov and Sinai [AS67] used Hopf argument to prove that every C2 hyperbolic
diffeomorphism is ergodic, see [Mn87] for the definition of hyperbolic, or Anosov, diffeomor-
phism. Since hyperbolicity is a C1-open property, we conclude that conservative hyperbolic
diffeomorphisms are stably ergodic. What about outside the hyperbolic world?
Since ergodicity is a global feature, it is natural to look for global properties of a
diffeomorphism that could help to obtain ergodicity, or stable ergodicity. Among the
partially hyperbolic diffeomorphisms the key global property used is the accessibility : any
two points in the manifold can be connected by a path contained in finitely many stable
and unstable manifolds, see [BW10] for precise definitions of partial hyperbolicity and
accessibility. Pugh and Shub conjectured in [PS97] that accessibility implies ergodicity.
This conjecture remains open and one usually needs some extra assumption to conclude
ergodicity.
Most works done about the problem of stable ergodicity consider partially hyperbolic
systems, see for instance [BP74], [GPS94], [PS00], [BDP02] and [BW10]. Not much has
been done outside the partially hyperbolic scenario.
It is known that stably ergodic diffeomorphisms must have some weaker form of hy-
perbolicity [AM07], called dominated splitting. We say that a diffeomorphism f admits a
dominated splitting if there is a decomposition of the tangent bundle, TM = E ⊕ F , into
two non-trivial subbundles which are Df -invariant, such that for some N ≥ 1, any unit
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vectors v ∈ E(x) and u ∈ F (x) verify
‖DfN (x)v‖ <
1
2
‖DfN (x)u‖.
Tahzibi builts in [Tah04] an example of a stably ergodic diffeomorphism which is not
partially hyperbolic. Another important property in ergodic theory is the following.
Definition 1.2. Let ν be an invariant measure for f . We say that (f, ν) is Bernoulli if
it is measurably conjugated to a Bernoulli shift. If f is a diffeomorphism that preserves a
smooth measure m, we say that f is Bernoulli if (f,m) is Bernoulli.
We remark that the Bernoulli property is stronger than ergodicity. Switching ergodicity
by the Bernoulli property in definition 1.1, we obtain the definition of stably Bernoulli.
One of the goals of this work is to find new criteria of stable ergodicity, actually of
stable Bernoulli, outside the partially hyperbolic scenario. In particular, we study the
consequences given by a property called chain-hyperbolicity, see definition 2.3. Chain-
hyperbolicity has been defined and used before in [Cro11], [CP15]. It can be seen as some
type of topological hyperbolicity saying that f “contracts” topologically along the direction
E, up to a certain “scale”, and f−1 “contracts” topologically along the direction F , up to
a certain “scale”. Using this as the global property to study stable ergodicity, we have the
following theorem.
Theorem A. Let f ∈ Diff1ω(M). If f is a chain-hyperbolic diffeomorphism for a dominated
splitting TM = E ⊕ F and verifies∫
M
log ‖Df |E‖dm < 0 and
∫
M
log ‖Df−1|F ‖dm < 0, (2)
then there exists a C1-neighborhood U of f , such that any diffeomorphism g ∈ U∩Diff2ω(M)
is ergodic, in fact Bernoulli. In particular, any such diffeomorphism g is stably Bernoulli.
In the setting of theorem A, as a consequence of (2) and ergodicity, we actually obtain
that m-almost every point has all Lyapunov exponents negative along E and all positive
along F , see section 2 for the definition of Lyapunov exponent.
A diffeomorphism is weakly partially hyperbolic if it admits a dominated splitting of
the form TM = E ⊕ Euu, such that the subbundle Euu expands exponentially fast under
the action of Df . As one application of theorem A, we obtain the following criterion of
stable Bernoulli for weakly partially hyperbolic systems.
Theorem B. Let f ∈ Diff2ω(M). Suppose that f is weakly partially hyperbolic with domi-
nated splitting TM = E⊕Euu and chain-hyperbolic with respect to the same splitting. If f
has all Lyapunov exponents negative along the direction E on a set of positive m-measure,
then f is stably ergodic, in fact stably Bernoulli.
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This theorem can be seen as a version of theorem 4 in [BDP02] for weakly partially
hyperbolic diffeomorphisms. We also remark that if f ∈ Diff2ω(M) verifies the hypothesis
of theorem A and the direction F is hyperbolic, meaning F = Euu, then (2) implies that
f verifies the hypothesis of theorem B. However, a diffeomorphism which verifies the
hypothesis of theorem B, does not necessarily verify the hypothesis of theorem A, a priori.
Theorem A gives more flexibility in the construction of the example considered by
Tahzibi. To construct the example one makes a deformation supported in a finite number
of small balls around hyperbolic fixed points, in particular, the deformations are local.
Theorem A applies to this example and quantifies, in a certain way, how much one can
make such a deformation, in particular, the deformations do not have to be local. In section
6 we will explain the construction of such an example in this non local way. We remark
that our proof is different from the proof of Tahzibi in [Tah04].
Pugh and Shub conjectured in [PS97], that stable ergodicity is Cr-dense among the
partially hyperbolic conservative Cr-diffeomorphisms. A remarkable result by Avila, Cro-
visier and Wilkinson states that stable ergodicity is C1-dense among the partially hyper-
bolic conservative Cr-diffeomorphisms, indeed they obtain stable Bernoulli, see theorem
A’ in [ACW17].
As another application of theorem A and some others results, we can prove the C1-
density of stably Bernoulli diffeomorphisms among a certain class of weakly partially hy-
perbolic diffeomorphisms. Let us precise this class.
Let D ⊂ Diff2ω(M) be the subset of diffeomorphisms f that verifies the following prop-
erties:
• f is weakly partially hyperbolic, with dominated splitting TM = E ⊕ Euu and
dim(E) = 2;
• f is chain-hyperbolic for the splitting TM = E ⊕ Euu.
Define WCH2ω(M) to be the C
1-interior of D for the relative topology. For the d-torus
this set is non empty, with d ≥ 3. The examples of Bonatti-Viana, see section 6.2 of
[BV00], belong to this set. Indeed, the arguments in section 6 also apply to such examples,
justifying that they belong to WCH2ω(T
d). We have the following theorem.
Theorem C. Stable Bernoulli is C1-dense on WCH2ω(M).
We remark that all our results remain true for C1+α-diffeomorphisms. We conclude
this introduction with some questions.
Question 1. What others criteria for stable ergodicity, or stable Bernoulli, can one obtain
using chain-hyperbolicity?
The example considered by Tahzibi in [Tah04] is isotopic to a linear Anosov diffeo-
morphism. This particular example was first considered by Bonatti and Viana in [BV00]
4
where they proved robust transitivity. This type of construction allow us to obtain diffeo-
morphisms that verify the hypothesis of theorem A and are not partially hyperbolic. We
conclude the introduction with the following question.
Question 2. Is there a diffeomorphism that verifies the hypothesis of theorem A, or theorem
B, which is not isotopic to an Anosov diffeomorphism?
Rafael Potrie obtains a positive answer for question 2 under some assumptions, see
[Pot15].
Acknowledgements
The author would like to thank Sylvain Crovisier for all his patience and guidance with
this project. The author also thanks Alexander Arbieto for useful conversations on several
points of this paper. The author would like to thank Welington Cordeiro, Todd Fisher,
Mauricio Poletti, Rafael Potrie and Ali Tahzibi for useful comments on the paper.
2 Preliminaries
2.1 Dominated splittings and chain hyperbolic homoclinic classes
Let f ∈ Diff1(M) be a C1-diffeomorphism of M that admits a dominated splitting TM =
E ⊕ F . It is well known that dominated splitting is a C1-open property, meaning that if
g is sufficiently C1-close to f , then g admits a dominated splitting TM = Eg ⊕ Fg, where
dim(Eg) = dim(E) and dim(Fg) = dim(F ). It is also well known that the maps g 7→ Eg
and g 7→ Fg are continuous in a C
1-neighborhood of f . We call Eg and Fg the continuations
of the subbbundles E and F . In particular, this implies that the maps
g 7→
∫
M
log ‖Dg|Eg‖dm and g 7→
∫
M
log ‖Dg−1|Fg‖dm
are continuous in a C1-neighborhood of f .
Definition 2.1 (Plaque Family). A plaque family tangent to E is a continuous map W
from E into M that verifies:
• For each x ∈M , the induced map Wx : E(x)→M is a C
1-embedding which satisfies
Wx(0) = x and whose image is tangent to E(x) at x;
• (Wx)x∈M is a continuous family of C1-embeddings.
A plaque family is locally invariant if there exists ρ > 0 such that for each x ∈ M , the
image f(Wx(B(0, ρ))) is contained in the plaque Wf(x).
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The condition of dominated splitting alone cannot guarantee that the subbundles E or
F are integrable. In [HPS77], the authors proved that for diffeomorphisms with dominated
splitting TM = E ⊕ F , there are always locally invariant plaque families for f tangent
to the direction E. Similarly, there are always locally invariant plaque families for f−1
tangent to the direction F .
Definition 2.2 (Trapped plaques). A plaque family (Wx)x∈M is trapped for f if for each
x ∈M , it holds
f(Wx) ⊂ Wf(x),
where Wx denotes the closure of Wx.
Let Per(f) be the set of all periodic points of f . For p ∈ Per(f), we write Of (p)
the orbit of p for f . If it is clear that we are considering the orbit for f we will just
write O(p). A periodic point p is hyperbolic if there is a dominated splitting over O(p),
TO(p)M = E
ss ⊕ Euu, such that Ess is contracted and Euu is expanded exponentially
fast under the action of Df . It is well known that if f is a Cr-diffeomorphism, for any
hyperbolic periodic point p of f , there is an immersed Cr-submanifold W ss(p, f), called
the stable manifold of p, which is tangent to Ess(p) at p. Similarly, there is an immersed
Cr-submanifold called the unstable manifold, which we will denote it by W uu(p, f).
Let pi(p) ∈ N be the period of the periodic point p and write
W ss(O(p), f) =
pi(p)−1⋃
j=0
W ss(f j(p), f),
to be the stable manifold of the orbit of p. Analogously, we define W uu(O(p), f).
Given two immersed submanifolds S1 and S2 of M , we say that a point x is a point
of transverse intersection between S1 and S2 if x ∈ S1 ∩ S2 and TxM = TxS1 + TxS2. We
denote the set of points of transverse intersection between S1 and S2 by S1 ⋔ S2.
Given two hyperbolic periodic points p, q ∈ Per(f), we say that they are homoclinically
related if W ss(O(p), f) ⋔ W uu(O(q), f) 6= ∅ and W uu(O(p), f) ⋔ W ss(O(q), f) 6= ∅. We
write p ∼ q if p is homoclinically related to q.
The homoclinic class of p is defined as
H(p, f) = {q ∈ Per(f) : p ∼ q}.
If it is clear that we are referring to f we will just write H(p) as the homoclinic class of p
for f .
Definition 2.3 (Chain-hyperbolicity). We say that f ∈ Diffr(M) is chain-hyperbolic if:
1. there exists a periodic hyperbolic point p such that H(p) =M ;
2. there is a dominated splitting TM = E ⊕ F ;
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3. there is a plaque family (WEx )x∈M tangent to E which is trapped by f . There is also
another plaque family (WFx )x∈M tangent to F which is trapped by f
−1;
4. there are two periodic hyperbolic points, qs and qu, homoclinically related to p such
that the stable manifold of qs contains the plaque W
E
qs and the unstable manifold of
qu contains the plaque W
F
qu.
Let f be a weakly partially hyperbolic diffeomorphism, with dominated splitting TM =
E ⊕ Euu. It is well known that the subbundle Euu is uniquely integrable, that is, there
exists an unique foliation Wuu, called unstable foliation, that is tangent to Euu. If f is
also chain-hyperbolic with respect to the same dominated splitting, then the plaque family
for the direction Euu can be taken as the unstable foliation Wuu.
A key consequence of chain-hyperbolicity for us is given in the following lemma.
Lemma 2.4 ([CP15], Lemma 3.2). If f ∈ Diff1(M) is chain-hyperbolic, there exists a
dense set P ⊂M of hyperbolic periodic points homoclinically related to p, such that for any
point q ∈ P, the plaques WEq and W
F
q are respectively contained in the stable and in the
unstable manifolds of q.
Given 0 < θ ≤ 1, we define the cone of size θ around the direction E as
CEθ = {(vE , vF ) ∈ E ⊕ F : θ‖vE‖ ≥ ‖vF ‖}.
Remark 2.5. Since both plaque families are continuous, by compactness, there exists r > 0
such that for every x ∈ M the plaque WEx contains a C
1-disc of radius r, centered in
x and tangent to E(x). Furthermore, by domination, for some small θ > 0, we can
assume that these discs are tangent to CEθ . An analogous result holds for the plaque family
{WFx }x∈M . Thus, lemma 2.4 states that densely there are periodic points homoclinically
related to p whose stable and unstable manifolds have size bounded from below by r and
“good” geometry, meaning controlled angles.
If f is chain-hyperbolic, it is easy to see that for every N ∈ N, properties 2 through 4 in
definition 2.3 remain valid for fN . On the other hand, it is not so immediate that property
1 holds for fN . It could happen that the entire manifold is no longer a homoclinic class
and it could be divided into finitely many distinct homoclinic classes. As a consequence of
lemma 2.4, we obtain that this is not the case.
Lemma 2.6. Let M be connected. If f is chain-hyperbolic, then for every N ∈ N it holds
that fN is chain-hyperbolic.
Proof. Let p be the hyperbolic periodic point for f in the definition of chain-hyperbolicity
and fix N ∈ N. It suffices to prove that H(p, fN ) =M .
Let P ⊂ M be the set of hyperbolic periodic points given by lemma 2.4 for f . Notice
that for fN , the set P is also formed by hyperbolic periodic points with stable and unstable
manifolds of uniform size, given by the plaques WE and WF .
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Let ε > 0 be small enough such that any two points in q′, q′′ ∈ P that are ε-close to
each other verify
WEq′ ⋔W
F
q′′ 6= ∅ and W
E
q′′ ⋔W
F
q′ 6= ∅.
In particular q′ and q′′ are homoclinically related for fn, for any n ∈ N. The existence of
ε is a consequence of remark 2.5.
For any two points q′, q′′ ∈ P we can take a finite set of points {q0, · · · , qk} ⊂ P, such
that q0 = q
′, qk = q
′′ and for every i = 0, · · · , k − 1 it holds d(qi, qi+1) < ε. This implies
that any two points q′, q′′ ∈ P are homoclinically related for fN . By the density of P there
exists a point q ∈ P such that q is homoclinically related with p for fN . We conclude that
H(p, fN ) =M , which finishes the proof.
Remark 2.7. In the setting of lemma 2.6, from its proof and using the inclination lemma,
see lemma 7.1 in [PDM82], we obtain the following: for any ε > 0 small enough, there exists
{q0, · · · , qk} ⊂ P which is ε-dense, such that W
ss(qi, f) ⋔W
uu(p, f) 6= ∅ and W uu(qi, f) ⋔
W ss(p, f) 6= ∅ for i = 0, · · · , k. We remark that here we consider the stable and unstable
manifold of the point and not of the orbit. This property holds in a C1-neighborhood of f .
One defines a chain-hyperbolic homoclinic class as a homoclinic class H(p) that verifies
conditions 2 through 4 in definition 2.3. We remark that the same argument as in the proof
of lemma 2.6 implies that if H(p) is a connected, chain-hyperbolic homoclinic class for f ,
then for every N ∈ N it holds that H(p) is a chain-hyperbolic homoclinic class for fN .
2.2 Pesin’s theory and criterion of ergodicity
Let f ∈ Diff1(M) be a C1-diffeomorphism. A number λ ∈ R is a Lyapunov exponent of f
at x if there exists a nonzero vector v ∈ TxM such that
lim
n→+∞
1
n
log ‖Dfn(x)v‖ = λ.
For a point x and a vector v ∈ TxM , write
λ(x, v) := lim
n→+∞
1
n
log ‖Dfn(x)v‖.
A key theorem in smooth ergodic theory is the Oseledet’s theorem.
Theorem 2.8 ([BP02], Theorems 2.1.1 and 2.1.2). Let f ∈ Diff1ω(M). There exists a set
Rf of full Lebesgue measure, such that for any x ∈ Rf there is a number 1 ≤ l(x) ≤ dim(M)
and there are l(x) Lyapunov exponents λ1(x) < · · · < λl(x)(x). For this point x ∈ Rf , there
is a decomposition of the tangent space over x
TxM = E1(x)⊕ · · · ⊕ El(x)(x),
which is Df -invariant. This decomposition varies measurably with x ∈ Rf and for every
vi ∈ Ei(x)− {0}, it holds that λ(x, vi) = λi(x), for i = 1, · · · , l(x).
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A point of the set Rf , given by the previous theorem, is called a regular point. A f -
invariant measure µ is non-uniformly hyperbolic if for µ-almost every point all its Lyapunov
exponents are non-zero.
For a regular point x ∈ Rf , we write
Es(x) =
⊕
i:λi(p)<0
Ei(p) and E
u(p) =
⊕
i:λi(p)>0
Ei(p). (3)
Definition 2.9. For a C2-diffeomorphism f ∈ Diff2ω(M), the stable Pesin manifold of the
point x ∈ Rf is
W s(x, f) = {y ∈M : lim sup
n→+∞
1
n
log d(fn(x), fn(y)) < 0}.
Similarly one defines the unstable Pesin manifold as
W u(x, f) = {y ∈M : lim sup
n→+∞
1
n
log d(f−n(x), f−n(y)) < 0}.
Let f ∈ Diff2ω(M), for Lebesgue almost every point x ∈ Rf , the Pesin’s manifolds
are immersed C1-submanifolds, see section 4 of [Pes77]. Let p ∈ Per(f) be a hyperbolic
periodic point. Define the following sets:
Hs(O(p)) = {x ∈ Rf : W
s(x, f) ⋔W uu(O(p), f) 6= ∅},
Hu(O(p)) = {x ∈ Rf : W
u(x, f) ⋔W ss(O(p), f) 6= ∅}.
Define the ergodic homoclinic class of p by
Herg(O(p)) = H
s(O(p)) ∩Hu(O(p)).
It is easy to see that Herg(p) is f -invariant. Given two measurable sets A,B ⊂M we write
A ⊜ B, if A only differs from B in a set of zero Lebesgue-measure. Given a measurable set
Λ with positive m-measure, we define mΛ to be the normalized restriction of the measure
m to the set Λ, that is, for any measurable set A,
mΛ(A) =
m(A ∩ Λ)
m(Λ)
.
The following theorem will give us a criterion for ergodicity.
Theorem 2.10 ([HHTU11], Theorem A). Let f ∈ Diff2ω(M). For a hyperbolic periodic
point p ∈ Per(f), if m(Hs(O(p))) > 0 and m(Hu(O(p))) > 0, then
Herg(O(p)) ⊜ H
s(O(p)) ⊜ Hu(O(p)).
Moreover f |Herg(O(p)) is ergodic and non-uniformly hyperbolic, with respect to the measure
mHerg(O(p)). In particular, if m(Herg(O(p))) = 1 then f is ergodic.
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We will also need the following result by Pesin.
Theorem 2.11 ([Pes77], Theorem 8.1). Let f be a C2-diffeomorphism preserving a smooth
measure m. Suppose that f is non-uniformly hyperbolic and ergodic for the measure m.
Then there exist K ∈ N and measurable sets with positive m-measure Λ1, · · ·ΛK which are
pairwise disjoints, such that f(Λi) = Λi+1 for i = 1, · · · ,K − 1, f(ΛK) = Λ1 and for each
j = 1, · · · ,K, the system (fK ,m|Λj ) is Bernoulli. In particular, if K = 1 then (f,m) is
Bernoulli.
For a hyperbolic periodic point p, define hs(p) = {x ∈ Rf :W
s(x, f) ⋔W uu(p, f) 6= ∅},
notice that in this definition we are taking the unstable manifold of the point p and not
the unstable manifold of the orbit of p. Analogously, we define the set hu(p). We define
the pointwise ergodic homoclinic class as
hber(p) = h
s(p) ∩ hu(p). (4)
As a consequence of theorems 2.10 and 2.11, we obtain the following corollary.
Corollary 2.12. Let f ∈ Diff2ω(M). For a hyperbolic periodic point p ∈ Per(f), with
period pi(p), if m(hs(p)) > 0 and m(hu(p)) > 0, then
hber(p) ⊜ h
s(p) ⊜ hu(p).
Moreover fpi(p)|hber(p) is Bernoulli and non-uniformly hyperbolic, with respect to the mea-
sure mhber(p). In particular, if m(hber(p)) = 1 then (f,m) is Bernoulli.
Proof. Apply theorem 2.10 for fpi(p) and conclude that hber(p) ⊜ h
s(p) ⊜ hu(p). Applying
theorem 2.10 for f , we obtain that Herg(O(p)) is a non-uniformly hyperbolic ergodic com-
ponent of f . Using theorem 2.11 and the fact that fpi(p)(hber(p)) = hber(p) we conclude
that (fpi(p)|hber(p),m|hber(p)) is Bernoulli. Again by theorem 2.11, if m(hber(p)) = 1 then
(f,m) is Bernoulli.
3 Proof of theorem A
Fix N ∈ N, such that for any x ∈M it holds
‖DfN |E(x)‖.‖Df
−N |F (fN (x))‖ <
1
2
.
Let U1 be a C
1-neighborhood of f such that for any g ∈ U1 it is verified
‖DgN |Eg(x)‖.‖Dg
−N |Fg(gN (x))‖ <
1
2
,
10
where Eg(.) and Fg(.) are the continuations of the subbundles E and F , which we defined
at the beginning of section 2. For each g ∈ U1, define the auxiliary functions
ϕg(x) = log ‖Dg
N |Eg(x)‖ and ψg(x) = log ‖Dg
−N |Fg(x)‖. (5)
By our assumption (2), we can take β > 0, a constant, such that∫
M
log ‖Df |E‖dm < −2β and
∫
M
log ‖Df−1|F ‖dm < −2β.
By our discussion at the beginning of section 2, we can assume that U1 is small enough
such that for any g ∈ U1, it is verified that∫
M
log ‖Dg|Eg‖dm < −β and
∫
M
log ‖Dg−1|Fg‖dm < −β.
Let σ = min{ log 22 , β} and observe that for every g ∈ U1, it holds that∫
M
ϕgdm < −σ and
∫
M
ψgdm < −σ. (6)
For each g ∈ U1, define the sets
Ag =

x ∈M : lim supn→+∞ 1n
n−1∑
j=0
log ‖DgN |Eg(gjN (x))‖ ≤ −σ

 ;
Bg =

x ∈M : lim supn→+∞ 1n
n−1∑
j=0
log ‖Dg−N |Fg(g−jN (x))‖ ≤ −σ

 .
We have the following lemma.
Lemma 3.1. For every g ∈ U1 ∩Diff
2
ω(M), both Ag and Bg have positive m-measure.
Proof. Let us prove that Ag has positive measure, the proof is analogous for Bg. From (6),
we have ∫
M
ϕgdm < −σ.
Consider the Birkhoff average
ϕ˜g(.) := lim
n→+∞
1
n
n−1∑
j=0
ϕg ◦ g
jN (.).
By Birkhoff’s theorem, ϕ˜g is defined for almost every point and∫
M
ϕ˜gdm =
∫
M
ϕgdm < −σ. (7)
Observe that the set A = {x ∈M : ϕ˜g(x) < −σ} is contained in Ag. From (7), we conclude
that A has positive measure, which implies that Ag has positive measure as well.
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This lemma will allow us to verify the conditions for theorem 2.10 to hold. Using the
domination we can prove the following lemma.
Lemma 3.2. For every g ∈ U1 ∩Diff
2
ω(M) it holds that m(Ag ∪Bg) = 1.
Proof. Let g ∈ U1 and µ be a g
N -invariant ergodic measure. Suppose that µ(Ag) = 0. The
domination implies that for every x ∈M
ϕg(x) + ψg ◦ g
N (x) < − log 2.
Since µ is ergodic, for µ-almost every point x ∈M −Ag it holds that
∫
M
ϕgdµ = lim
n→+∞
1
n
n−1∑
j=0
ϕg ◦ g
jN (x) > −σ ≥ −
log 2
2
.
Thus, by domination∫
M
ψg ◦ g
Ndµ =
∫
M
ψgdµ < − log 2 +
log 2
2
= −
log 2
2
≤ −σ.
Since µ is ergodic, for µ-almost every point x, it holds
lim
n→+∞
1
n
n−1∑
j=0
ψg ◦ g
−jN (x) =
∫
M
ψgdµ < −σ.
In particular, µ(Bg) = 1. Since the sets Ag and Bg are invariant, we obtain that for
any ergodic measure µ it holds that µ(Ag ∪ Bg) = 1. Using the ergodic decomposition
theorem, see theorem 6.4 in [Mn87], we conclude that m(Ag ∪Bg) = 1.
For g ∈ U1 ∩ Diff
2
ω(M), recall that Rg is the set of regular points for g. For a regular
point x ∈ Ag ∩Rg all the Lyapunov exponents for g
N on Eg(x) are negative. Indeed,
lim
n→+∞
1
n
log ‖DgnN |Eg(x)‖ ≤ limn→+∞
1
n
n−1∑
j=0
log ‖DgN |Eg(gjN (x))‖ < −σ.
For x ∈ Rg, consider the stable Pesin manifold W
s(x, g) for gN and for g. Similarly we
define those sets for the unstable Pesin manifold and we denote it by W u(x, g).
Lemma 3.3. There are a C1-neighborhood U2 ⊂ U1 of f and two constants r0, θ0 > 0 that
verify the following: For g ∈ U2 ∩ Diff
2
ω(M) and for any x ∈ Ag ∩ Rg there exists n ≥ 0,
such that W s(g−nN (x), g) contains a C1-disc of radius r0, centered in g
−nN (x) and tangent
to CEθ0 .
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The proof of the existence of r0 > 0 can be found in lemma 2 of [BDP02]. The proof
uses the notion of hyperbolic times and ideas from [ABV00]. The existence of θ0 follows
from domination. A similar result holds for Bg and we can suppose that r0 and θ0 are the
same for both sets, Ag and Bg.
Remark 3.4. In theorem 3.11 in [ABC11], the authors prove the existence of Pesin man-
ifolds for C1-diffeomorphisms with a dominated splitting. From this result, we conclude
that the conclusion of lemma 3.3 also holds for g ∈ U2 ∩Diff
1
ω(M).
We remark that in the proof of lemmas 3.1, 3.2 and 3.3, we do not use the chain-
hyperbolicity condition. These lemmas are true for any C1-diffeomorphism that preserves
volume and that admits a dominated splitting TM = E ⊕ F which verifies (2).
By hypothesis f is chain-hyperbolic. Let p ∈ Per(f) be the hyperbolic point in the
definition of chain-hyperbolicity such that H(p) = M , see definition 2.3. We may assume
that U2 is small enough such that for any g ∈ U3, there exists a hyperbolic periodic point
pg ∈ Per(g), which is the continuation of the periodic point p.
Let P be the dense set of hyperbolic periodic points given by lemma 2.4. By remark
2.5, there exist two constants r1, θ1 > 0 and a dense set of hyperbolic periodic points P
homoclinically related with p, such that for any q ∈ P, the stable manifold of q contains
a C1-disc centered in q, with radius r1 and tangent to C
E
θ1
and the unstable manifold of q
contains a C1-disc centered in q of radius r1 and tangent to C
F
θ1
.
This is the main property that we use from chain-hyperbolicity. As a consequence of
that, we obtain the following proposition.
Proposition 3.5. There exists a C1-neighborhood U3 ⊂ U2 of f , such that for any g ∈
U3 ∩Diff
2
ω(M) and for any x ∈ Ag ∩Rg, it is verified
W s(x, g) ⋔W uu(pg, g) 6= ∅.
Similarly, for any y ∈ Bg, it holds that W
u(y, g) ⋔W ss(pg, g) 6= ∅.
Proof. Take r = min{r0,r1}2 and θ = 2max{θ0, θ1}. It is easy to see that there is ε > 0 such
that any two points x and y with d(x, y) < ε, verify the following: any two C1-discs D1
and D2, centered in x and y, respectively, with radius r and such that D1 is tangent to C
E
θ
and D2 is tangent to C
F
θ , have a transverse intersection. Fix such ε > 0.
By remark 2.7, fix a finite set of hyperbolic periodic points for f , {q0, · · · , qk} ⊂ P,
which is ε2 -dense on M , such that
W ss(qi, f) ⋔W
uu(p, f) 6= ∅ and W uu(qi, f) ⋔W
ss(p, f) 6= ∅. (8)
Consider a C1-neighborhood U3 ⊂ U2 of f , small enough, such that for any g ∈ U3 ∩
Diff2ω(M) the following properties are verified:
• For any i = 0 · · · , k, the continuation qi,g is defined and (8) holds for qi,g and pg;
13
• the set {q0,g, · · · , qk,g} is ε-dense on M ;
• the stable manifold of qi,g contains a C
1-disc centered in qi,g, of radius r and tangent
to CEθ , for every i = 1, · · · ,m. Similarly, the unstable manifold of qi,g contains a
C1-disc centered in qi,g, of radius r and tangent to C
F
θ .
Let x ∈ Ag ∩Rg. By lemma 3.3 and by our choice of r and θ, there exists some n ≥ 0
such that W s(g−nN (x)) contains a C1-disc of radius r and tangent to CEθ . There is some
hyperbolic periodic point qi,g which is ε-close to g
−nN (x), thus
W s(g−nN (x), g) ⋔W uu(qi,g, g) 6= ∅,
By (8) for qi,g and pg and by the inclination lemma, see lemma 7.1 in [PDM82], we conclude
that W s(x, g) ⋔W uu(pg, g) 6= ∅. The argument is analogous for x ∈ Bg ∩Rg.
We remark that a homoclinic class with dominated splitting has a dense set of periodic
points such that each of these points has an iterate with either the stable or unstable
manifold of uniform size. Without the chain-hyperbolicity condition, we cannot guarantee
the existence of a dense set of periodic points whose both stable and unstable manifolds
have uniform size, this property was crucial in the proof of proposition 3.5.
Let us prove that any g ∈ U3 ∩ Diff
2
ω(M) is Bernoulli. Recall that we defined in
section 2 the sets hs(pg) and h
u(pg). By proposition 3.5, we have (Ag ∩Rg) ⊂ h
s(pg) and
(Bg ∩Rg) ⊂ h
u(pg). Since the set of regular points Rg has full measure, by lemma 3.1 we
conclude that
m(hs(pg)) > 0 and m(h
u(pg)) > 0.
Corollary 2.12 implies that hber(pg) ⊜ h
s(pg) ⊜ h
u(pg) and (g
pi(pg)|hber(pg),m|hber(p)) is
Bernoulli. By lemma 3.2, we obtain thatm(hber(pg)) = 1, which implies that g is Bernoulli.
Remark 3.6. Lemmas 3.1, 3.2 and proposition 3.5 also hold for diffeomorphisms g ∈
Ui ∩Diff
1
ω(M), for i = 1, 2.
4 Proof of theorem B
Recall that if f is a weakly partially hyperbolic diffeomorphism with dominated splitting
TM = E⊕Euu, then the unstable direction is uniquely integrable by a foliation Wuu. For
a point x ∈M , let W uu(x) be the leaf that contains the point x.
Definition 4.1. The unstable foliation of a weakly partially hyperbolic diffeomorphisms f
is dynamically minimal if for any point x ∈M , the set
W uu(O(x)) :=
⋃
n∈Z
W uu(fn(x), f)
is dense on the manifold.
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The key property in the proof of theorem B is given in the following proposition, which
is a consequence of chain-hyperbolicity.
Proposition 4.2. Let f be a C1-diffeomorphism, which does not have to preserve a volume
form. If f is weakly partially hyperbolic with dominated splitting TM = E ⊕ Euu and
is chain-hyperbolic with respect to the same splitting, then the unstable foliation Wuu is
dynamically minimal.
Proof. Let p ∈ M be a hyperbolic periodic point such that H(p) = M , given in the
definition of chain-hyperbolicity. By the definition of homoclinic class it is immediate
that Wuuf (O(p)) is dense on M . By lemma 2.4, there is a dense set P of periodic points
homoclinically related to p, such that for any q ∈ P its stable manifold contains the plaque
WEq . In particular every q ∈ P also verifies that W
uu(O(q)) is dense on M .
For any point x ∈M , there exists a periodic point q ∈ P such that W uu(x) ⋔WEq 6= ∅.
This is an immediate consequence of the density of the set P, the uniform size of the
plaquesWEq and the fact that such plaques are tangent to a cone C
E
θ for some small θ. The
proposition then follows by the inclination lemma, see lemma 7.1 in [PDM82].
Let f ∈ Diff2ω(M) be a weakly partially hyperbolic diffeomorphism. For any x ∈ M
consider two small discs T1 and T2 close to x and transverse to W
uu
loc (x). The unstable
holonomy between T1 and T2 is the map H : T1 → T2 defined as H(q) =W
uu
loc (q)∩ T2, this
map is well defined by the transversality of the discs T1 and T2 and the fact that W
uu
loc (q)
vary continuously with the choice of q. Since f is C2, it is well known that the unstable
foliation is absolutely continuous, that is, the map H takes sets of zero Lebesgue measure
inside T1 into sets of zero measure inside T2.
In the C2-scenario we obtain the following lemma, which is an adaptation of an argu-
ment due to Brin in [Br75], for the weakly partially hyperbolic scenario.
Lemma 4.3. Let f ∈ Diff2ω(M) be a weakly partially hyperbolic diffeomorphism with dom-
inated splitting TM = E ⊕Euu. If f is chain-hyperbolic with respect to the same splitting,
then m-almost every point has dense orbit.
Proof. First observe that it is enough to prove that for any open set U ⊂ M , the set
of points whose orbit intersects U has full m-measure. A point x ∈ M is backwards
recurrent if it is an accumulation point of the sequence (f−n(x))n∈N. Let R ⊂M the set of
backwards recurrent points, by Poincare´ recurrence theorem this set has full m-measure.
It is a classical consequence of the absolute continuity of the unstable foliation that there
exists a set Λ ⊂ M of full m-measure such that for any point x ∈ Λ, the set W uu(x) ∩ R
has full Lebesgue measure inside the submanifold W uu(x), see for instance lemma 5 in
[BDP02]. Observe that we can suppose that the same holds for fn(x), for any n ∈ Z.
Fix an open set U and take x ∈ Λ. By proposition 4.2, there exists k ∈ Z such that
W uu(fk(x))∩U 6= ∅. Since the set U is open, the setW uu(fk(x))∩U has positive Lebesgue
measure insideW uu(fk(x)). In particular, there exits a point y ∈W uu(fk(x))∩U which is
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backwards recurrent. Since the unstable manifold contracts for backwards iterates and by
the backwards recurrence of y, there exists n ∈ N such that fk−n(x) ∈ U . This concludes
the proof of the lemma.
We now proceed to the proof of theorem B. Let f be a diffeomorphism verifying the
hypothesis of theorem B. Let A ⊂ M be the f -invariant set of points such that all the
Lyapunov exponents along the direction E are negative. By hypothesis, the set A has
positive measure. Since the direction Euu is uniformly hyperbolic, a standard argument
using Birkhoff’s ergodic theorem and the absolute continuity of the Pesin manifolds and
the strong unstable foliation, implies that every ergodic component of f |A coincides with
an open set (mod 0), see for instance the proof of theorem 1 in [BDP02]. By lemma 4.3,
m-almost every point has dense orbit. We can easily conclude that f is ergodic.
By ergodicity, m-almost every point has all its exponents negative along the direction
E. This implies that for N ∈ N large enough∫
log ‖DfN |E‖dm < 0.
By lemma 2.6, the diffeomorphism fN is chain-hyperbolic. Theorem A implies that fN is
stably Bernoulli. Let p ∈ Per(f) be the hyperbolic periodic point in the definition of chain
hyperbolicity. From the proof of theorem A, for any g ∈ Diff2ω(M) in a C
1-neighborhood
of f , it holds that m(hber(g)) = 1, which implies that f is stably Bernoulli.
5 Proof of theorem C
Let f ∈ WCH2ω(M). There exists a dominated splitting TM = E⊕E
uu such that dim(E) =
2. We separate the proof of theorem C in two cases. The first case is when there exists a
sequence (gn)n∈NWCH
2
ω(M), such that for each gn the subbundle Egn admits a dominated
splitting into two one dimensional bundles E = E1gn ⊕ E
2
gn . The second case is when
C1-robustly inside WCH2ω(M) the center direction does not admit any further dominated
decomposition.
Case 1: In this case we have that arbitrarily C1-close to f , there exists a diffeomor-
phism g ∈ WCH2ω(M) such that TM = E
1
g⊕E
2
g⊕E
uu, with dim(Eig) = 1, for i = 1, 2. Since
E1g is one dimensional and g preserves volume, it follows that E
1
g is uniformly contracted,
see proposition 0.5 in [BDP03]. Hence, we have a partially hyperbolic diffeomorphisms with
one dimensional center. By theorem A’ in [ACW17], we have that g is C1-approximated
by a stably Bernoulli diffeomorphism.
Case 2: In this case, using theorem A from [ACW16], we take a diffeomorphism
g ∈ Diff1ω(M) arbitrarily C
1-close to f , which is non-uniformly hyperbolic and has negative
exponent in the direction Eg. Thus, for N ∈ N large enough∫
M
log ‖DgN |Eg‖dm < 0. (9)
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Recall that condition (9) is C1-open. By theorem 1 from [Avi10], we can take a diffeomor-
phism g˜ ∈ Diff2ω(M) arbitrarily C
1-close to g such that g˜ verifies (9). By the definition of
WCH2ω(M), we can assume that g˜ ∈ WCH
2
ω(M). By lemma 2.6, g˜
N is chain-hyperbolic.
Using theorem A, we conclude that g˜N is stably Bernoulli. By similar reason as in the end
of the proof of theorem B, we conclude that g˜ is stably Bernoulli.
6 The example
In theorem C of [BV00], the authors give the first example of a robustly transitive diffeo-
morphism having no invariant hyperbolic subbundle. Tahzibi proved in [Tah04] the stable
ergodicity of this example. The construction is made by deforming an Anosov diffeomor-
phism inside small balls. In this section we explain the construction of the example in a
not so local way so that the hypothesis of theorem A holds. In a certain way theorem
A quantifies how much the Anosov diffeomorphism can be deformed and keep the stable
ergodicity.
Let A ∈ SL(4,Z) be a hyperbolic matrix with four distinct eigenvalues 0 < λss < λs <
1 < λu < λuu, with unit eigenvectors ess, es, eu and euu. On R
4 consider the coordinate
system formed by the basis {ess, es, eu, euu}. We write A
s the restriction of A to the stable
directions and Au the restriction of A to the unstable directions.
Consider the Anosov diffeomorphisms fA : T
4 → T4 induced by A, with hyperbolic
splitting TT4 = Ess⊕Es⊕Eu⊕Euu. Up to taking an iterate of fA, we may suppose that
fA has two fixed points p1 and p2.
For each a, b ∈ (0, 1), let Ua,b1 and U
a,b
2 be neighborhoods of p1 and p2, respectively,
defined as follows: let expp1 : Tp1T
4 → T4 be the exponential map on the point p1 and
define Ua,b1 = expp1(D
2
a ×D
2
b ), where D
2
a ×D
2
b is the product of two discs of radius a and
b, respectively, and D2a is contained in the subspace generated by {ess, es} and D
2
b on the
subspace generated by {eu, euu}. Similarly we define U
a,b
2 = expp2(D
2
a×D
2
b ). Observe that
the exponential map, exppi(.), sends sets of the form {x}×D
2
b on unstable manifolds of fA
inside Ua,bi , for i = 1, 2 and x ∈ D
2
a. Similarly it sends sets of the form D
2
a × {y} on stable
manifolds of fA.
Fix R > 0 such that for a and b sufficiently small, Ua,R1 ∩U
R,b
2 = ∅. Write U
a
1 = U
a,R
1 and
U b2 = U
R,b
2 . We will describe the construction in U
a
1 , the construction in U
b
2 is analogous.
Let g : D21 ×D
2
R → D
2
1, be a smooth map with the following properties:
1. for each y ∈ D2R, g(., y) is a diffeomorphism of D
2
1, which is the identity in a neigh-
borhood of the boundary of D21 and preserves area;
2. g(., y) is the identity if y belongs to a neighborhood of the boundary of D2R;
3. ‖Dxg‖ < λ
u;
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4. for y = 0, the composition g0(A
s(x)) = g(As(x), 0) has three fixed points on D21, one
saddle and two sinks, where one of the sinks has a complex eigenvalue.
Such map can be obtained using Hamiltonian flows, see section 6 of [BV00]. For each
a ∈ (0, 1), consider the diffeomorphism
g˜a : D
2
a ×D
2
R −→ D
2
a ×D
2
R
(x, y) 7→ (ag(a−1x, y), y).
By properties 1 and 2 of the map g, using the exponential chart expp1 , we extend the
diffeomorphism g˜a to a diffeomorphism Ga of T
4, such that Ga(q) = expp1 ◦g˜a ◦ exp
−1
p1
(q),
if q ∈ Ua1 and Ga(q) = q otherwise. By item 1, we have that Ga preserves volume. For
each a ∈ (0, 1), consider the diffeomorphism fa = Ga ◦ fA of T
4. Property 4 of g implies
that fa has a fixed point of index 1 and another fixed point of index 2 with complex stable
eigenvalue.
Observe that if fA(x, y) ∈ U
a
1 , then using the coordinates (E
ss ⊕Es)⊕ (Eu ⊕Euu) we
obtain
Dfa(x, y) =
(
Dxg(a
−1As(x), Au(y))As aDyg(a
−1As(x), Au(y))Au
0 Au
)
.
Property 3 of the map g implies that ‖Dxg‖.‖A
s‖ < λu. Thus, if a is small enough Dfa
expands vectors uniformly inside a thin cone Cu around the directions Eu⊕Euu, there is a
dominated splitting TT4 = Ecsa ⊕E
u
a such that dim(E
cs
a ) = 2 and E
cs
a does not admit any
further decomposition.
By a similar construction, exchanging Ua1 by U
b
2 and exchanging the roles of the stable
and unstable directions, for each b ∈ (0, 1), we obtain a volume preserving diffeomorphism
Hb of T
4. We consider the two parameter family of conservative diffeomorphisms fa,b =
Hb ◦Ga ◦ fA. We now describe a few properties that fa,b has for a and b small.
(a) fa,b admits a dominated splitting of the form TT
4 = Ecsab⊕E
cu
ab , where dim(E
cs
ab) = 2.
It does not admit any further dominated decomposition. We also have that Ecsab
converges to Ess ⊕ Es and Ecuab converges to E
u ⊕ Euu when a, b goes to zero.
(b) fa,b has one periodic point of index 1 and one periodic point of index 3.
(c) There is a thin cone Cs around the direction Ecsab, such that if x /∈ U
b
2 then Df
−1
a,b (x)
expands vectors uniformly in Cs. Similarly, there is a thin cone Cu around the di-
rection Ecuab , such that if x /∈ U
a
1 then Dfa,b(x) expands vectors uniformly inside
Cu.
(d) It holds that ∫
T4
log ‖Dfa,b|Ecs
ab
‖dm < 0 and
∫
T4
log ‖Df−1a,b |Ecuab ‖dm < 0. (10)
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Let us explain why this property holds. Notice that there exists a constant C1 such
that m(Ua1 ) < C1a
2 and m(U b1) < C1b
2. There exists C2 > 1 such that C
−1
2 <
‖(Dfa,b)
−1‖−1 < ‖Dfa,b‖ < C2, for any a and b small enough. Using property (c) of
fa,b we can easily conclude (10).
Observe that such properties are C1-open. We fix a periodic point q, whose orbit remains
outside Ua1 ∪ U
b
2 . Take f ∈ Diff
1
ω(T
4) a diffeomorphisms sufficiently C1-close to fa,b such
that the homoclinic class H(qf ) is the entire manifold T
4, where qf is the continuation
of the hyperbolic periodic point q. This is possible since C1-generically in Diff1ω(T
4) the
entire manifold is the homoclinic class of any periodic point, see theorem 1.3 in [BC03].
We now explain how to obtain trapped plaque families, as in the definition of chain-
hyperbolicity. Let C2 be the constant that appeared in the explanation of property (d) of
fa,b. Fix r > 0 such that for any p ∈ T
4, any disc D(x) with radius r, center x and tangent
to Cs, the set D(x) ∩ Ua1 has at most one connected component. Let ρ =
r
C2
.
Lemma 6.1. If a is small enough, for any x ∈ T4, any disc D(x) tangent to Cs with radius
ρ and centered in x, it holds that f−1(D(x)) strictly contains a disc of radius ρ, centered
in f−1(x) and tangent to Cs.
Proof. Let D(x) be such a disc and let µ > 1 be a constant such that for any unit vector
v ∈ Cs(x) and x /∈ Ua1 , it holds that ‖Df
−1(x)v‖ > µ. This comes from property (c) of fa,b
and the fact that f is C1-close to fa,b.
Domination implies that f−1(D(x)) is tangent to Cs. By our choice of ρ, we have that
f−1(D(x))∩Ua1 has at most one connected component. Since f
−1(D(x)) is tangent to the
cone Cs, there exists a constant C3 > 1 such that the diameter of the set f
−1(D(x)) ∩ Ua1
is bounded from above by C3a.
Let γ be a curve minimizing distance between f−1(x) and ∂f−1(D(x)). It holds that
l(γ) > ρ‖Df−1‖−1 > ρ
C2
, where l(γ) is the length of the curve γ. We split γ in two parts:
γ1 = γ ∩ U
a
1 and γ2 = γ − γ1. Observe that l(γ1) < C3a. Thus
l(γ1)
l(γ)
<
C2C3a
ρ
= Ka.
Thus,
l(f(γ)) = l(f(γ1)) + l(f(γ2)) < C2l(γ1) + µ
−1l(γ2)
< C2Kal(γ) + µ
−1l(γ) = (C2Ka+ µ
−1)l(γ) < l(γ),
where the last inequality holds for a > 0 small enough. Observe that f(γ) is a curve con-
necting x to ∂D(x), we conclude that d(x, ∂D(x)) < d(f−1(x), ∂f−1(D(x))), so f−1(D(x))
contains a disc centered in f−1(x) with radius ρ.
Following the proof of theorem 3.1 in [BF13], using lemma 6.1 in the place of claim
3.2 in the same paper, a construction using graph transforms allows us to obtain a plaque
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family (Wcsx )x∈T4 which is trapped for f , such that any plaque W
cs
x is a disc of center x,
radius ρ and is tangent to Cs. Similarly, for b small enough we obtain a plaque family
(Wcux )x∈T4 , which is trapped for f
−1.
By taking a, b small enough, we can also suppose that⋃
qf∈Of (qf )
(Wcsqf ∪W
cu
qf
) ∩ (Ua1 ∪ U
b
2) = ∅. (11)
A standard argument known as the coherence argument (see for instance the argument used
in step 2 in the proof of theorem 3.1 in [BF13]), implies that the plaques Wcsqf and W
cu
qf
are
contained in the stable and unstable manifolds of qf , respectively. Thus, conditions 3 and
4 in definition 2.3 hold.
Property 1 of fa,b implies that condition 2 in definition 2.3 is verified. Since T
4 is the
homoclinic class of qf , we conclude that condition 1 in definition 2.3 is verified. Therefore,
f is chain-hyperbolic.
We conclude that all the conditions in the hypothesis of theorem A are verified, thus
there is a C1-neighborhood U of f such that any diffeormorphism g ∈ U ∩ Diff2ω(T
4) is
Bernoulli.
We remark that this construction is not local because the cilinders Ua1 and U
b
2 , where
we made the changes, have a fix size R in one of the directions, either Ecs or Ecu.
References
[ABC11] F. Abdenur, C. Bonatti, and S. Crovisier. Nonuniform hyperbolicity for C1-
generic diffeomorphisms. Israel J. Math., 183:1–60, 2011.
[ABV00] J. Alves, C. Bonatti, and M. Viana. SRB measures for partially hyperbolic sys-
tems whose central direction is mostly expanding. Inventiones mathematicae,
140:351–398, 2000.
[Ano67] D. Anosov. Geodesic flows on closed Riemannian manifolds of negative curva-
ture. Trudy Mat. Inst. Steklov., 90, 1967.
[AS67] D. Anosov and Y. Sina˘ı. Certain smooth ergodic systems. Uspehi Mat. Nauk,
22:107–172, 1967.
[AM07] A. Arbieto and C. Matheus. A pasting lemma and some applications for conser-
vative systems. Ergodic Theory and Dynamical Systems, 27:1399–1417, 2007.
[Avi10] A. Avila. On the regularization of conservative maps. Acta Math, 205:5–18,
2010.
[ACW17] A. Avila, S. Crovisier and A. Wilkinson. C1 density of stable ergodicity.
Preprint: arXiv:1709.04983, 2017.
20
[ACW16] A. Avila, S. Crovisier and A. Wilkinson. Diffeomorphisms with positive metric
entropy. Publ. Math. Inst. Hautes E´tudes Sci., 124:319–347, 2016.
[BP02] L. Barreira and Y. Pesin. Lyapunov exponents and smooth ergodic theory,
volume 23 of University Lecture Series. American Mathematical Society, Prov-
idence, RI, 2002.
[BC03] C. Bonatti and S. Crovisier. Re´currence and ge´ne´ricite´. C. R. Math. Acad. Sci.
Paris, 336:839–844, 2003.
[BDP03] C. Bonatti, L. Dı´az and E. Pujals. A C1-generic dichotomy for diffeomorphisms:
weak forms of hyperbolicity or infinitely many sinks or sources. Ann. of Math.,
158:355–418, 2003.
[BV00] C. Bonatti and M. Viana. SRB measures for partially hyperbolic systems whose
central direction is mostly contracting. Israel J. Math., 115:157–193, 2000.
[Br75] M. Brin Topological transitivity of a certain class of dynamical systems,
and flows of frames on manifolds of negative curvature. Funkcional. Anal. i
Priloz˘en., 1:9–19, 1975.
[BP74] M. Brin and Y. Pesin. Partially hyperbolic dynamical systems. Izv. Akad. Nauk
SSSR Ser. Mat., 38:170–212, 1974.
[BDP02] K. Burns, D. Dolgopyat, and Y. Pesin. Partial hyperbolicity, Lyapunov expo-
nents and stable ergodicity. Journal of Statistical Physics, 108:927–942, 2002.
[BW10] K. Burns and A. Wilkinson. On the ergodicity of partially hyperbolic systems.
Ann. of Math., 171:451–489, 2010.
[BF13] J. Buzzi and T. Fisher Entropic stability beyond partial hyperbolicity. J. Mod.
Dyn., 4:527–552.
[Cro11] S. Crovisier. Partial hyperbolicity far from homoclinic bifurcations. Advances
in Mathematics, 226:673–726, 2011.
[CP15] S. Crovisier and E. Pujals. Essential hyperbolicity and homoclinic bifurca-
tions: a dichotomy phenomenon/mechanism for diffeomorphisms. Inventiones
mathematicae, 201:385–517, 2015.
[GPS94] M. Grayson, C. Pugh, and M. Shub. Stably ergodic diffeomorphisms. Ann. of
Math., 140:295–329, 1994.
[HHTU11] F.R. Hertz, M.R. Hertz, A. Tahzibi, and R. Ures. New criteria for ergodicity
and nonuniform hyperbolicity. Duke Math. J., 160:599–629, 2011.
21
[HPS77] M. Hirsch, C. Pugh, and M. Shub. Invariant manifolds. Lecture Notes in
Mathematics, Vol. 583. Springer-Verlag, Berlin-New York, 1977.
[Hop39] E. Hopf. Statistik der geoda¨tischen Linien in Mannigfaltigkeiten negativer
Kru¨mmung. 1939.
[Mn87] R. Man˜e´. Ergodic theory and differentiable dynamics, volume 8 of Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related
Areas (3)]. Springer-Verlag, Berlin, 1987.
[PDM82] J. Palis and W. De Melo. Geometric theory of dynamical systems. Springer-
Verlag, New York-Berlin, 1982.
[Pes77] Y. Pesin. Characteristic Ljapunov exponents, and smooth ergodic theory. Us-
pehi Mat. Nauk, 32:55–112, 1977.
[Pot15] R. Potrie. Partially hyperbolic diffeomorphisms with a trapping property. Dis-
crete Contin. Dyn. Syst., 35:5037–5054, 2015.
[PS97] C. Pugh and M. Shub. Stable ergodicity and stable accessibility. In Differ-
ential equations and applications (Hangzhou, 1996), pages 258–268. Int. Press,
Cambridge, MA, [1997].
[PS00] C. Pugh and M. Shub. Stable ergodicity and julienne quasi-conformality. J.
Eur. Math. Soc., 2:1–52, 2000.
[Tah04] A. Tahzibi. Stably ergodic diffeomorphisms which are not partially hyperbolic.
Israel J. Math., 142:315–344, 2004.
CNRS-Laboratoire de Mathe´matiques d’Orsay, UMR 8628, Universite´ Paris-Sud 11, Orsay
Cedex 91405, France
Instituto de Matema´tica, Universidade Federal do Rio de Janeiro, P.O. Box 68530, 21945-
970, Rio de Janeiro Brazil
E-mail: davi.obata@math.u-psud.fr
22
